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11..  IINNTTRROODDUUCCTTIIOONN  

1.1. NUMERICAL METHOD 

− any method that uses only four basic arithmetic operations :  + , − , : , ∗ 
− theory and art. 
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1.2. ERRORS IN NUMERICAL COMPUTATION 

 
Types of errors : 
 
  Inevitable error 

(i)  Error arising from the inadequacy of the mathematical model 
 

Example :  

Pendulum 

l

j

R

mg

ma
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a l
d
dt

=
2

2
ϕ

     - acceleration 

2

2 sin 0
nd d g

dt dt l
ϕ ϕα ⎛ ⎞+ +⎜ ⎟

⎝ ⎠
ϕ =  - nonlinear model including large displacements 

       and  friction 
 

d
dt

g
l

2

2 0
ϕ

ϕ+ =      - simplified model - small displacement,               

            linearized equation and no friction 
 
 

(ii)  Error noise in the input data 
 

  , g , l ( )ϕ 0  , d
d t t

ϕ
= 0

 ,  .......... 

 
Error of a solution method 

 

Example: 

( , ( ))d f t t
dt
ϕ ϕ=  

 
 

Euler method

t

j

Exact solution
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Numerical errors 
 

(iii)  Errors due to series truncation 
 

Example 

 
The temperature  in a thin bar: (u x t, )
 

( ) ( )2 2 10

2
1 1

, exp sinn
n n

n t n xu x t C
l l
π π∞ ∞

= =

−
= = +∑ ∑

11n=
∑

10

1n=

≈ ∑  

 
(iv)  Round off  error 

 
Example 

x = =
2
3

0 667.  

 
 
   THE OTHER CLASSIFICATION OF ERRORS 
 

(i)  The absolute error 
 

Let      x - exact value,    x% - approximate value 
 
ε = −~x x  
 

(ii)  The relative error 
 

δ =
−~x x
x

 

 
 
PRESENTATION OF RESULTS 
 

( )expected     1  x x xε δ= ± = ±% %  
 

Example 

( )expected 2.53  0.10  2.53 1 0.04 2.53 4%x = ± ≈ ± = ±  
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1.3. SIGNIFICANT DIGITS  

 Number of digits starting from the first non-zero on the left side 
 

Example 

Number of 
significant digits

  Number of 
significant digits 

2345000 7  5 1 
2.345000 7  5.0 2 
0.023450 5  5.000 4 
0.02345 4    

 
Example 

Subtraction Number of 
significant digits 

 2.3485302 8 
-2.3485280 8 

  
  0.0000022 2 

1.4. NUMBER REPRESENTATION 

FIXED POINT FLOATING POINT 
324.2500      : 1000           324.2500     =   3.2425 ×102   :  103

      .3242    : 100                     3.2425 ×10-1  :  102

      .0032  : 10                     3.2425 × 10-3 :  10 
      .0003                       3.2425 × 10-4

1.5. ERROR BOUNDS 

(iii)  Summation and subtraction 
 

Given:               ,a a b± ∆ ± ∆b
 
Searched:                 x a b a a b= + = ± ∆ + ± ∆b  
error evaluation 

    x x a b a b∆ = − − ≤ ∆ + ∆  
 

(iv)  Multiplication and division 

 ln ln ln ln lnabx x a b c
cf

= → = + − − f  

dx da db dc df
x a b c f

= + − −  

error evaluation 

   a b c fx x
a b c f

⎛ ⎞∆ ∆ ∆ ∆
∆ ≤ + + +⎜ ⎟

⎝ ⎠
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1.6. CONVERGENCE 

 
Example 

 

1
1

1
2n n

n

ax x
x−

−

⎛ ⎞
= +⎜

⎝ ⎠
⎟  ,                  ?lim =

∞→n
nx  

let 

( )     1  n
n n

x x x x
x nδ δ−

= → = +         

 

( ) ( ) ( )1
1

1 1    1   
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δ δ
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+ = + +⎢ ⎥+⎣ ⎦               x
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⋅  
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1          2  
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⎥
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for 

1
0 0 1

1

   0   0    1
1

n
n

n

x a δδ δ
δ
−

−
−

= → > → > → <
+  

 
 
one obtaines                        

 
( )

2
1 1

1 1
1 1

1 1        
2 1 2 1 2

n n
n n

n n

δ δ
nδ δ δ

δ δ
− −

− −
− −

= = <
+ +

 

 

 1
1   
2n nδ δ −< →  iteration is convergent 

 
 lim 0  limn nn n

x aδ
→∞ →∞

= → →  

 
In numerical calculations we deal with a number N. It describes a term that satisfy an 
admissible error  B requirement  
where  

n Bε <     for    ,  where     n N≥

( ) ( )
( )

11 11 1
      

1 1
n nn n n n

n
n n

x xx x
x x

δ δ

n

δ δε
δ δ

−− −+ − +− −
= = =

+ +
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1.7. STABILITY 

 
 Solution is stable if it remains bounded despite truncation and round off errors. 
Let 

( ) ( ) ( )
2

1
1

1 1

 =    n
n n n n n n n

n n

1 a 1x x 1 x 1 1
2 x 2 1

δ
nγ γ δ γ

δ
−

−
− −

⎛ ⎞
= + + + → = + +⎜ ⎟ +⎝ ⎠

% %
%

γ  

 
nlim  =     nn

δ γ
→∞

→  precision of the final result corresponds to the precision of 

        the last step of calculations i.e. 
 ( )  nx x 1 γ→ +%  

 
Example  

Unstable calculations 

 
(v)  Time integration process 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(vi)  Ill-conditioned simultaneous algebraic equations 

 
6
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22..  SSOOLLUUTTIIOONN    OOFF    NNOONN--LLIINNEEAARR    AALLGGEEBBRRAAIICC    EEQQUUAATTIIOONNSS  

2.1. INTRODUCTION 

- source of algebraic equations 
- multiple roots 
- start from sketch 
- iteration methods 

 
equation to be solved ( ) 0 ...y x x= → =  

 

 
 
 

2.2. THE METHOD OF SIMPLE ITERATIONS 

2.2.1. Algorithm 
Algorithm                                                              Example 
 
          Let   
 

x f x= ( )  1
1

1  
2n n

n

ax x
x−

−

⎛ ⎞
= +⎜ ⎟

⎝ ⎠  
 a=2,         x0=2                   

( )x f x1 0=  1
1 2 32 1.5000
2 2 2

x ⎛ ⎞= + = =⎜ ⎟
⎝ ⎠

 

( )x f x2 1=  2
1 3 2 172 1.4167
2 2 3 12

x ⎛ ⎞= + ⋅ = =⎜ ⎟
⎝ ⎠

 

.................. .................. 
( )x f xn n= −1   

..................  
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Geometrical interpretation 

              
 
 

              
      

Example : 

2 4 2.3 0    ( )x x x− + = → = f x  
Algorithm 

(i) 
  (ii) 

( ) ( )
2

2
1

2.3 1   2.3
4 4n n

x
x x x −

+
= → = +

 
 

 
 
 

Let 0 0.6x =

14 2.3 4 2.3n nx x x x −= − → = −
 

( )2
1

1.6 2.3 .665
4

x = + =   1 0.316x =  

( )2
2

1.665 2.3 .686
4

x = + =   2 1.264 2.3x = −  
……………................  cannot be performed 

( )2
6

1.696 2.3 .696
4

x = + =  

Solution converged within three digits : 

 
6 5

6

0.696 0.696 0
0.696

x x
x
− −

= =  
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2.2.2.   Convergence theorems  
Theorem 1 

 If  
      ( ) ( )1 2 1 2f x f x L x x− ≤ −        with       0 L 1< <                

for [ ]1 2, , ;x x a b∈  
then the equation ( )x f x=  has at most one root in [ ],a b . 
 

Theorem 2 

 
 If ( )f x  satisfy conditions of  Theorem 1  then the iterative method 

( )x f xn n= −1  
converges to the unique solution  [ ], ;x a b∈   of  ( )x f x=   for any [ ]0 , ;x a b∈  
 

Geometrical interpretation 

 
 

2.2.3.   Iterative solution criteria 
Convergence 

 

1n n
n

n

x x B
x

δ −−
= <  

Residuum 

1 1 1

1

( )
( )

n n n n
n n

n n

f x x x xr B
f x x

δ− − −

−

− −
= = = <  

 
Notice : both criteria are the same for the simple iterations method
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2.2.4.   Acceleration of convergence by the relaxation technique 
 

 
 

( )x f x=  

( ) ( ) ( )1
1 1

x x x f x x x f x g xαα α
α α

+ = + → = + ≡
+ +

 

 
The best situation if   ' ( ) 0g x ≈
 

( ) ( )1' '
1 1

g x f xα
α α

= +
+ +

 

let 
( ) ( )* *' 0 'g x f xα= → = −  

then 

( ) ( ) ( ) ( )
( )

*

* *

'1
1 ' 1 '

f x
g x f x x

f x f x
= −

− −
 

 

Example : 

( ) ( )2
2             1a a ax a 0 x f x f x

x x x
′= > → = → = → = − = −

 
then 

( ) ( ) ( )
1 1 1

1 1 1 1 2
a ag x x x
x x

− ⎛ ⎞= − = ⎜ ⎟− − − − ⎝ ⎠
+  

hence 

1
1

1
2n n

n

ax x
x−

−

⎛ ⎞
= +⎜ ⎟

⎝ ⎠
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2.3. NEWTON – RAPHSON METHOD  

2.3.1.   Algorithm 
( )F x = 0  

 
2

2
2

1( ) ( ) ... ( ) '( ) ( ) '( ) 0
2x x

dF d FF x h F x h h F x F x h R F x F x h
dx dx

+ = + + + = + + ≈ + =  

( ) ( ) ( )
( )

0  
F x

F x F x h h
F x

′+ = → = −
′  

( )
( )

1
1 1

1

  n
n n n

n

F x
x x h x

F x
−

− −
−

= + = −
′  

 

Geometrical interpretation 

 
 

2.3.2.  Convergence criteria 
Solution convergence 
 

1
1

n n
n

n

x x B
x

δ −−
= <  

 
Residuum 
 

2 0
0

( ) , (
( )

n
n

F xr B F x
F x

= < ) 0≠  
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Example 

x

F

x0

x*

x1x2

y=x - 2
2

 
 

2 2  x 2 x 2= → − = 0  
( )F x x= −2 2,       
( )′ =F x x2  

 

x x
x

xn n
n

n
= −

−
−

−

−
1

1
2

1

2
2  

 
 

x0 2=  
 

2

1
2 2 32 1.500000
2 2 2

x −
= − = =

⋅
 

 
9
4

2 3
2

23 17 1.416667
2 2 12

x −
= − = =

⋅
 

3
577 1.414216
408

x = =  

                       ……………………... 
 

Convergence 

 
3
2

1 3
2

2 0.333333δ −
= =  

 ( )23
2

1 2

2
0.125000

2 2
r

−
= =

−
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17 3
12 2

2 17
12

0.058824δ −
= =  

( )217
12

2 2

2
0.003472

2 2
r

−
= =

−
 

 
577 17
408 12

3 577
408

0.001733δ
−

= =  

( )2577
408

3 2

2
0.000003

2 2
r

−
= =

−
 

 
 
 

Convergence

-6
-5
-4
-3
-2
-1
0

0 0,1 0,2 0,3 0,4 0,5 0,6

log10(no of iteration)

lo
g1

0(
d)

, l
og

10
(r

)

solution convergence residuum convergence
  

 
 
 
 

2.3.3.  Relaxation approach to the Newton – Raphson method  
 
( )F x = 0  

( ) ( ) ( )      1x F x x x x F x g xα α
α

+ = → = + ≡
 

( ) ( )′ = + ′g x F x1
1
α  

( ) ( )
  

*

1g x 0
F x

α∗′ = → = −
′

 
 

( )
( )

  
F x

x x
F x

= − →
′  

 

( )
( )

1
1

1

n
n n

n

F x
x x

F x
−

−
−

= −
′
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2.3.4. Modification for multiple routs 
 
 Let x c=  be a root of  multiplicity.  ( )F x
Then one way introduce 
 

( ) ( )
( ) ( ) ( ) ( )

( )( )2  
F x F x F x

u x u x 1
F x F x

′′
′= → = −

′ ′  
 
Instead to  apply the Newton-Raphson method to  ( )F x ( )u x
 

                         

( )
( )x x

u x
u xn n

n

n

= −
′−

−

−
1

1

1  
 

Example 

100

-100

-200

y

x

2 4 6 8

 

 
4 3 2

3 2

2

F(x)= x - 8.6x - 35.51x 464.4x - 998.46 = 0
F'(x)= 4x - 25.8x -71.02x+ 464.4
F''(x)= 12x - 51.6x -71.02

+

 

Let 
x0 4 0= .  
( )F 4 0 3 42. . ;= −  

F'(4.0)= 23.52  
( )′′ = −F 4 0 85 42. .  

 

( ) ( )
( )

( ) ( ) ( )
( )( )2 2

F 4.0 -3.42u 4 = = = -0.145408
F 4.0 23.52

F 4.0 F'' 4.0 -3.42 (-85.42)u' 4 = 1.0 - = 1.0 - = 0.471906
(23.52)F' 4.0

′

⋅ ⋅
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( )
( )x x

u
u1 0

4
4

4 0
145408

471906
4 308129= −

′
= −

−
=.

.
.

.
 

x2 4 308129 00812 4 300001= − =. . .                                                                                              
3x 4.300000=     methodRNalconvention −

 x19 4 300000= .
 
                                                                      ……………………….......... 
 

2.4. THE SECANT METHOD 

1 1
1 1 1

1 1

  n n
n n n n

n n

F xx x x F
F F

− −
− − −

− −

2

2

n

n

x
F

−

−

−
= − ≈ −

′ −  
 

( )x x
F

F F
x xn n

n

n n
n n= −

−
−−

−

− −
− −1

1

1 2
1 2

 
 
starting points should satisfy the inequality 
 

( ) ( )F x F x0 1 0<  
 
Geometrical interpretation 

 

x

xF( )

x1

x3x2x0

x4

x5

x*

F0

F1
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Example 

x = 21
x = 12

x = 00

xF( )

x =4 81
34

x

x =3 3
4

 

 
Algorithm 
 

( )x F x x2 22 2= → ≡ − = 0

2

2

 
Let 

( )x F0 0 0= → = −  
and 

( )x F1 2 2 4 2= → = − =  
 
then 

2
22 (2 0

2 ( 2)
x = − − =

− −
) 1 −                              (1) 1F→ =

3
1 41 (1 2) 1.333333

1 2 3
x −
= − − = =

− −
            4 2 0.222222

3 9
F ⎛ ⎞→ = − = −⎜ ⎟
⎝ ⎠

 

2
9

4 2
3

4 4 141 1.555556
3 ( 1) 3 9

x − ⎛ ⎞= − − = =⎜ ⎟− − − ⎝ ⎠
    14 34 0.419753

9 81
F ⎛ ⎞→ = =⎜ ⎟
⎝ ⎠

 

( )
34
81

5 34 2
81 9

14 14 4 55 1.410256
9 9 3 39

x ⎛ ⎞= − − = =⎜ ⎟− − ⎝ ⎠
55 17 0.011177
39 1521

F ⎛ ⎞→ = − = −⎜ ⎟
⎝ ⎠

 

2 1.414214 true solutionTx = ≈ −  
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Convergence 

 

1

1

2 0 1
2

2 1
2

r

δ −
= =

= =
−

 

 

2

2

1 2 1
1
1 1 0.500000
2 2

r

δ −
= =

−
= = =
−

 

 
4
3

3 4
3

2
9

3

1 1 0.250000
4

1 0.111111
2 9

r

δ −
= = =

−
= = =
−

 

 
14 4
9 3

4 14
9

34
81

4

1 0.142857
7

17 0.209877
2 81

r

δ −
= = =

= = =
−

 

 
55 14
39 9

5 55
39

17
1521

5

17 0.103030
165

17 0.005588
2 3042

r

δ −
= = =

−
= = =

−

 

 
 

Convergence

-2,5
-2

-1,5
-1

-0,5
0

0 0,2 0,4 0,6 0

log10(no of iteration)

lo
g1

0(
d)

, l
og

10
(r

)

,8

solution convergence residuum convergence
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2.5. REGULA FALSI 

 
 Let fix one starting point e.g. 0x x=  in the secant method.  
Then 2 ,n n 2x F− −  in the secant method are replaced by 0 0,x F . 
 

(n-1
n n-1 n-1 0

n-1 0

F )x = x - x - x
F - F

  ,           0 1( ) ( ) 0F x F x <  

 
Geometrical interpretation 

 

 
 
 

Example 

 

 
2 22 ( ) 2x F x x= → ≡ − = 0

2

2

 
Let 
  ( )0 2 2x F= → = +
and 
  ( )1 0 0x F= → = −
then 
 
  
     
  
  
 
 
 
  

( ) ( )

( )

2

3

4

20 0 2 1 1
2 2

1 4 41 1 2 1.333333
1 2 3 3 9

2
4 4 7 79 2 1.4000002

1

2

1
5 5 252

9

x F

−
= − − = → = −

− −
− ⎛ ⎞= − − = = → = −⎜ ⎟− − ⎝ ⎠

−
⎛ ⎞ ⎛ ⎞= − − = = → = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠− −

x F

x F

3 3
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5

1
7 7 2425 2 1.41176915 5 172

25
2 ~ 1.414214 true solutionT

x = −

x

−
⎛ ⎞− = =⎜ ⎟
⎝ ⎠− −

= ≈ −

    
 
 
 
 

Convergence 

  

1

1

0 2 not  exist
0
2r 1

2

δ −
= →

−
= =

 

2
1 0 1

1
δ −

= =  2
1 1 0.500000

2 2
r −
= = =  

4
3

3 4
3

1 1 0.250000
4

δ −
= = =  

2
9

3
1 0.111111

2 9
r −
= = =  

7 4
5 3

4 7
5

1 0.047619
21

δ −
= = =  

4
100

4
2 0.020000

2 100
r −
= = =  

724
17 5

5 24
17

1 0.008333
120

δ −
= = =  

2
289

5
1 0.003460

2 289
r −
= = =  

 
 

Convergence

-3
-2,5

-2
-1,5

-1
-0,5

0
0 0,2 0,4 0,6 0,8

log10(no of iteration)

lo
g1

0(
d)

, l
og

10
(r

)

solution convergence residuum convergence
 

 
Remarks 

 The regula falsi algorithm is more stable but slower than the one corresponding to the 
secant method. 
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2.6. GENERAL REMARKS 

 
Rough preliminary evaluation of zeros (roots) is suggested 
 

 
 
 
Traps 
 
 
 
    
                                                                                             Newton Raphson 
                                                                                              DIVERGENT 
(wrong starting point) 
 
 
 
 
 

 

 

 
 
 
  Secant Method 
   DIVERGENT 
 
 
 
 
 
 
 
 
 
   
 Regula Falsi 
CONVERGENT 
 
 
 



Chapter 2—15/15  2007-11-05 
 

 

 
Rough evaluation of solution methods  
 

REGULA FALSI           – the slowest but the safest 
SECANT METHOD      – faster but less safe 
NEWTON-RAPHSON   – the fastest but evaluation of the function  

   derivative is necessary 
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33..  VVEECCTTOORR  AANNDD  MMAATTRRIIXX  NNOORRMM  

 Generalization of the modulus of a scalar function to a vector-valued function is called 
a vector norm, to a matrix-valued function is called a matrix norm. 
 

3.1. VECTOR NORM 

Vector norm x   of the vector  ∈x V
where: 
 
   is a linear N-dimensional vector space, V
 α    is a scalar  
 
satisfies  the following conditions: 
 
  (i)   0≥x                             ∀ ∈x V    and   0=x   if   x = 0

  (ii)  α α= ⋅x x                   ∀  scalars α    and   ∀ ∈x V  

  (iii) + ≤ +x y x y             ,∀ ∈x y V  
 

Examples 

(1)   

1
22

1
1

N

i
i

x
=

⎡= ⎢⎣ ⎦
∑x ⎤

⎥              p = 2           Euclidean norm 

(2)   
2

max ii
x=x                 p = ∞          maximum norm 

(3)   

1

3
1

N pp
i

i

x
=

⎡= ⎢⎣ ⎦
∑x ⎤

⎥            1p ≥  

 

Examples 

       { }2,3,-6=x  

       ( )1

1
2 2 2 22 +3 +6 =7=x

              p = 2  

       2
-6 = 6=x                                 p = ∞  

       3
2 + 3 + -6 = 11=x                   p = 1  
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3.2. MATRIX NORM 

Matrix norm of the (  matrix A must satisfy the following conditions: )N N×
 
  (i)    0≥A    and    0=A    if     A = 0

  (ii)   α α= ⋅A A                 ∀  scalar α  

  (iii)  + ≤ +A B A B  

  (iv)  ≤ ⋅AB A B  
 
where  and  have to be of the same dimension. A B
 

Examples 

1
2

2
1

1 1

N N

ij
i j

a
= =

⎡ ⎤
= ⎢ ⎥
⎣ ⎦
∑∑A   or   

1
2

2
1 2

1 1

1 N N

ij
i j

a
N = =

⎡ ⎤
= ⎢ ⎥
⎣ ⎦

∑∑A    -  average value    

 

2
1

max
N

iji j

a
=

= ∑A    or   
2

1

1 max
N

iji j

a
N =

= ∑A          -  maximum value 

 
Example 

 
1 2 3
4 5 6
7 8 9

⎡ ⎤
⎢ ⎥= →⎢ ⎥
⎢ ⎥⎣ ⎦

A  

 

( )
1
22 2 2 2 2 2 2 2 2

1 2

1 1 2 3 4 5 6 7 8 9 5.627314
3
⎡ ⎤= + + + + + + + + =⎢ ⎥⎣ ⎦

A  

 

2

1 2 3 6
1 1max 4 5 6 max 15 8
3 3

7 8 9 24

⎧ + + ⎧
⎪ ⎪= + + =⎨ ⎨
⎪ ⎪+ + ⎩⎩

A =  

 
 



Chapter 4—1/13  2007-11-05 
 

44..  SSYYSSTTEEMMSS  OOFF  NNOONNLLIINNEEAARR  EEQQUUAATTIIOONNSS  

Denotations 
 

{ }1 2 3, , ,..., Nx x x x=x  
( ) ( ) ( ){ }1 ,...... NF F=F x x x  
( ) =F x 0  

 
Example 

 

( )1

2

,   

( , )   

2

2 2

F x y y - 2x = 0

F x y x + y - 8 = 0

⎧ ≡⎪
⎨

≡⎪⎩
 

 

4.1. THE METHOD OF SIMPLE ITERATIONS  

 
Algorithm 

( 1n n−=x f x )         { }1( ), , ( )nf f=f x xK ,              { }1, , nx x=x K         
Example 

( )

( )

1

2

        f

    f

2

2

1x y
2

y 8- x

⎧ = ≡⎪
⎨
⎪ = ≡⎩

x

x

{ },x y=x  

( ) 2 21 y , 8 - x
2

⎧ ⎫= ⎨ ⎬
⎩ ⎭

f x  

 
( )

( )

2
1

2

                     ( )
2 2

x y x f

y x + y + y - 8 f

⎧ = − ≡⎪ ⇒ =⎨
= ≡⎪⎩

x
x f x

x
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Convergence criterion 

1 ,n n
n n

n

δ δ−−
= ≤

x x
x amdδ  

amdδ - admissible error 
Theorem 

 
 Let ℜ  denote the region a x bi i i i N= 1 2, , ,K, ≤ ≤  in the Euclidean N-dimensional 
space. 
  
Let f satisfy the conditions 

– f is defined and continuous on ℜ  
– ( )f L 1≤ <J x  

–  For each ,  also lies in ∈ℜx ( )f x ℜ  
 
Then for any  in ℜ  the sequence of iterations 0x ( )1n n−=x f x  is convergent to the 

unique solution  x

               Jacobian matrix                  

1 1 1

1 2

1

n

N N

N

f f f
x x x

f f
x x

∂ ∂ ∂
∂ ∂ ∂

∂ ∂
∂ ∂

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

J

L

L L

L L

L L

L L

 

 
Example 

( )
( )

2
1

2 2
2

f y x

f x y + y -

⎧ = −⎪
⎨

= +⎪⎩

x

x 8
        →

-1 2y
2x 2y+1
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

J                     

 

4.2. NEWTON – RAPHSON  METHOD 

 
( ) =F x 0  

( ) ( ) ( ) ( )2
2

2

1
2

∂ ∂
∂ ∂

+ = + + +
F x F x

F x h F x h h
x x

L  

( ) ( ) ( ) ( ) ( ) 10
∂
∂

−+ ≈ + ≡ + = → = −
F x

F x h F x h F x J x h h J F
x

 
1

1 1 1 1n n n n n n
−

1− − − −= + = −x x h x J F −

n n n n

 
 

1 1 1− − −= −x x J F   →    1 1 1 1n n n n n n 1− − − − −= − =J x J x F b  
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                        1 1n n n− −=J x b   →                Solution of simultaneous nx
                                                                        linear algebraic equations  
                                                                         on each iteration step 

lim nn→∞
=x x  

 
Relaxation  factor µ  may be also  introduced   
 

1 1 1n n n n n 1µ− − − −= −J x J x F  
 

Example 

y x
x y

2

2 2

2
8

=

+ =

⎧
⎨
⎪

⎩⎪
     →  

  2y - 2x      = 0
x y2 2 8 0+ − =

→ ( ) =F x

 
y x
x y

2

2 2

2
8

−

+ −

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
≡

 

 
( )
( )

1

2

,     
F x

yF

⎧ ⎫ ⎧ ⎫⎪ ⎪ =⎨ ⎬ ⎨
⎩ ⎭⎪ ⎪⎩ ⎭

x
x

x
⎬

 
 

 
 
 

1 1

2 2

-2 2
2 2

F F
yx y

J
F F x y
x y

∂ ∂⎡ ⎤
⎢ ⎥∂ ∂ ⎡ ⎤⎢ ⎥= = ⎢ ⎥∂ ∂⎢ ⎥ ⎣ ⎦
⎢ ⎥∂ ∂⎣ ⎦
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Algorithm 
2

2 2
1 1 1

2 2 2 2 2
2 2 2 2 8n n n n

y x y x y x
x y y x y y x y

µ
− − −

⎧ ⎫− −⎡ ⎤ ⎧ ⎫ ⎡ ⎤ ⎧ ⎫ −⎪ ⎪= −⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥ + −⎪ ⎪⎣ ⎦ ⎩ ⎭ ⎣ ⎦ ⎩ ⎭ ⎩ ⎭
 

Let                                                           1µ =  

0

0 0
2.82842 2

x
⎧ ⎫ ⎧ ⎫⎪ ⎪= =⎨ ⎬ ⎨
⎪ ⎪ ⎩ ⎭⎩ ⎭

⎬

⎧ ⎫

⎩ ⎭

 

 
1

1

-2 5.65685 -2 5.65685 0 8
-

0 5.65685 0 5.65685 2.8284 0
x
y

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎧ ⎫
=⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎩ ⎭⎩ ⎭
 

 

1

4.0000
2.8284

x ⎧ ⎫
= ⎨ ⎬
⎩ ⎭

 

 
Error estimation  

 (after the first step of iteration) 
 

Estimated relative solution error   1n n
n

n

δ −−
=

x x
x

 

 

{ }
{ }

1 0
1

1

1 0 4.0000 0.0000, 2.8284 2.8284

4.0000 , 0.0000

δ
−

=

− = − −

=

x x
x

x x  

 
Euclidean norm 

 
( )
( )

1
2

1
2

2 21
2

1
2 21

2

4.0000 0.0000 2.8284 0.8165
3.46414.0000 2.8284

Eδ
⎡ ⎤+⎣ ⎦= =
⎡ ⎤+⎣ ⎦

=  

 
Maximum norm 

{ }
{ }1

sup 4.0000 , 0.0000 4.0000 1.0000
sup 4.0000 ,2.8284 4.0000

Mδ = = =  

 

Relative residual error    
0

n
nr =

F
F

 

1
1

0

r =
F
F

 

Euclidean norm     
1

2

21

1

( )
n

jnE
j

F
=

⎧ ⎫
= ⎨ ⎬
⎩ ⎭
∑F x  
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{ }
{ }

0

1

8.0000 , 0.0000

0.0000, 16.0000

=

=

F

F
 

( ) ( ){ } { }
{ }

1 12 2

1
2

2 2 2 21 1
0 1 0 2 02 2

2 21
2

0.0000 8.0000 5.6568

0.0000 16.0000 11.3137

E

1 E

F F⎡ ⎤ ⎡ ⎤= + = + =⎣ ⎦⎣ ⎦

⎡ ⎤= + =⎣ ⎦

F x x

F
 

 

1
11.3137 2.0000
5.6568

Er = =  

 
Maximum norm    sup iM

i
F=F  

 
( )
( )

0

1

1

sup 8.0000 , 0.0000 8.0000

sup 0.0000, 16.0000 16.0000

16.0000 2.0000
8.0000

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 

Assume admissible errors for convergence CB  and residuum RB ; check 
 

6
1

6
1

8
1

8
1

0.81649658 10

1.00000000 10

2.00000000 10

2.00000000 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

⎫

⎭

 

 
Second step of iteration 
 

2

2

-2.0000 5.6568 -2.0000 5.6568 4.0000 0.0000
-

8.0000 5.6568 8.0000 5.6568 2.8284 16.0000
x
y

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎧ ⎫ ⎧
=⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎩ ⎭ ⎩⎩ ⎭
 

 

2

2.4000
2.2627
⎧ ⎫

= ⎨ ⎬
⎩ ⎭

x  

 
Error estimation  
        (after the second step of iteration) 
 

Estimated relative solution error    
 

{ } {

2 1
2

2

2 1 2.4000 4.0000 , 2.2627 2.8284 1.6000 , 0.5657

δ
−

=

− = − − = − −

x x
x

x x }
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Euclidean norm 

 
( )
( )

1
2

1
2

2 21
2

2
2 21

2

1.6000 0.5657 1.2000 0.5145
2.33242.4000 2.2627

Eδ
⎡ ⎤+⎣ ⎦= =
⎡ ⎤+⎣ ⎦

=  

 
Maximum norm 

{ }
{ }2

sup 1.6000 , 0.5657 1.6000 0.6667
sup 2.4000 , 2.2627 2.4000

Mδ = = =  

 
Relative residual error     

 
2

2
0

r =
F
F

 

Euclidean norm     
1

2

21

1

( )
n

jnE
j

F
=

⎧ ⎫
= ⎨ ⎬
⎩ ⎭
∑F x  

 
{ }2 0.3200 , 2.8800=F  

( ) ( ){ } ( ){ }
{ }

11 22

1
2

22 2 21 1
0 1 0 2 02 2

2 21
2 2

0 2 2 5.6568

0.3200 2.8800 2.0490

E

E

F F ⎡ ⎤⎡ ⎤= + = + =⎣ ⎦ ⎢ ⎥⎣ ⎦

⎡ ⎤= + =⎣ ⎦

F x x

F
 

2
2.0490 0.3622
5.6568

Er = =  

 
 
Maximum norm    sup iM

i
F=F  

( )
( )

0

2

2

sup 8.0000, 0.0000 8.0000

sup 0.3200 , 2.8800 2.8800

2.8800 0.3600
8.0000

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 
 

6
2

6
2

8
2

8
2

0.51449576 10

0.66666667 10

0.36221541 10

0.36000000 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=
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Third step of iteration 
 

 
 

⎫

⎭
3

3

-2 4.5255 -2 4.5255 2.4000 0.3200 5.1200
-

4.8 4.5255 4.8 4.5255 2.2627 2.8800 18.8800
x
y

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎧ ⎫ ⎧ ⎫ ⎧
= =⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎩ ⎭ ⎩ ⎭ ⎩⎩ ⎭
 

 

3

2.0235
2.0257

x ⎧ ⎫
= ⎨ ⎬
⎩ ⎭

 

 
Error estimation   

 (after five steps of iteration) 
 

Estimated relative solution error    
 

{ } {

3 2
3

3

3 2 2.0235 2.4000 , 2.0257 2.2627 0.3765 , 0.2371

δ
−

=

− = − − = − −

x x
x

x x }
 

 
Euclidean norm 

 
( )
( )

1
2

1
2

2 21
2

3
2 21

2

0.3765 0.2371 0.3146 0.1554
2.02592.0235 2.0257

Eδ
⎡ ⎤+⎣ ⎦= =
⎡ ⎤+⎣ ⎦

=  

 
Maximum norm 

{ }
{ }3

sup 0.3765 , 0.2371 0.3765 0.1859
sup 2.0235 , 2.0257 2.0257

Mδ = = =  

 
Relative residual error     

3
3

0

r =
F
F

 

Euclidean norm     
1

2

21

1

( )
n

jnE
j

F
=

⎧ ⎫
= ⎨ ⎬
⎩ ⎭
∑F x  

 
{ }3 0.0562 , 0.1979= +F  

( ) ( ){ } ( ){ }
{ }

1 1
2 2

1
2

2 2 221 1
0 1 0 2 02 2

2 21
3 2

0.0000 8.0000 5.6568

0.0562 0.1979 0.1455

E

E

F F⎡ ⎤ ⎡ ⎤= + = + =⎣ ⎦ ⎣ ⎦

⎡ ⎤= + =⎣ ⎦

F x x

F
 

3
0.1455 0.0257
5.6568

Er = =  
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Maximum norm    sup iM
i

F=F  

( )
( )

0

3

3

sup 8.0000 , 0.0000 8.0000

sup 0.0562 , 0.1979 0.1979

0.1979 0.0247
8.0

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 
 

6
3

6
3

8
3

8
3

0.15538736 10

0.18585147 10

0.02572098 10

0.02474265 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

⎫

⎭

 

 
 

Fourth step of iteration 
 

4

4

-2 4.0513 -2 4.0513 2.0235 0.0562 4.1033
-

4.0471 4.0513 4.0471 4.0513 2.0257 0.1979 16.1979
x
y

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎧ ⎫ ⎧ ⎫ ⎧
= =⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎩ ⎭ ⎩ ⎭ ⎩⎩ ⎭
     

4

2.0001
2.0002

x ⎧ ⎫
= ⎨ ⎬
⎩ ⎭

 

 
Error estimation 

  (after four steps of iteration) 
 

Estimated solution error    

{ } {

4 3
4

4

4 3 2.0001 2.0235 , 2.0002 2.0257 0.0236 , 0.0254

δ
−

=

− = − − = − −

x x
x

x x }
 

 
Euclidean norm 

 
( )
( )

1
2

1
2

2 21
2

4
2 21

2

0.0234 0.0254 0.0247 0.0122
2.00022.0001 2.0002

Eδ
⎡ ⎤+⎣ ⎦= =
⎡ ⎤+⎣ ⎦

=  

 
Maximum norm 

{ }
{ }4

sup 0.0234 , 0.0254 0.0254 0.0127
sup 2.0001, 2.0002 2.0002

Mδ = = =  
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Relative residual error     
4

4
0

r =
F
F

 

Euclidean norm     
1

2

21

1

( )
n

jnE
j

F
=

⎧ ⎫
= ⎨ ⎬
⎩ ⎭
∑F x  

 
{ }4 0.0007 , 0.0012= +F  

( ) ( ){ } ( ){ }
{ }

1 1
2 2

1
2

2 2 221 1
0 1 0 2 02 2

2 21
4 2

0.0000 8.0000 5.6568

0.0007 0.0012 0.0010

E

E

F F⎡ ⎤ ⎡ ⎤= + = + =⎣ ⎦ ⎣ ⎦

⎡ ⎤= + =⎣ ⎦

F x x

F
 

4
0.0010 0.0002
5.6568

Er = =  

 
Maximum norm    sup iM

i
F=F  

( )
( )

0

4

4

sup 8.0000 , 0.0000 8.0000

sup 0.0007 , 0.0012 0.0012

0.0012 0.0002
8

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 
 

6
4

6
4

8
4

8
4

0.01223018 10

0.01272134 10

0.00017009 10

0.0001460 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=
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Aitken acceleration process 
 

 
( )x x x xn n n− = − −α 1  

 
ASSUME    α αn =      constant 

then 
 

( )x x x xn n− = − −α 1  

( )x x x xn n− = −− −1 2α  
1

1 2

n n

n n

x x x x
x x x x

−

− −

− −
→ = →

− −
 

21

2
12

2 −−

−−

+−
−

=
nnn

nnn

xxx
xxx

x  

 
Example 

2 2
2 4 3

4
4 3 2

2.400 2.0001 2.0235 1.9985
2 2.0001 2 2.0235 2.400

OLD
NEW

OLD

x x xx
x x x

− × −
= = =

− + − × +
 

 
2 2

2 4 3
4

4 3 2

2.2627 2.0002 2.0257 1.9972
2 2.0002 2 2.0257 2.2627

OLD
NEW

OLD

y y yy
y y y

− × −
= = =

− + − × +
 

 
Hence continuing N R−  iteration 
 

5

5

-2 3.9943 -2 3.9943 1.9985 -0.0085 3.9886
-

3.9971 3.9943 3.9971 3.9943 1.9972 -0.0173 15.9828
x
y

⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎧ ⎫ ⎧ ⎫ ⎧
= =⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎩ ⎭ ⎩ ⎭ ⎩⎩ ⎭

⎫

⎭
 

 

5

2.0000
2.0000

x ⎧ ⎫
= ⎨ ⎬
⎩ ⎭
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Error estimation 

  (after five steps of iteration) 
 

Estimated solution error    

{ } {

5 4
5

5

5 4 2.0000 1.9985 , 2.0000 1.9972 0.0015 , 0.0028

δ
−

=

− = − − =

x x
x

x x }
 

 
Euclidean norm 

 
( )
( )

1
2

1
2

2 21
2

5
2 21

2

0.0015 0.0028 0.0023 0.0011
2.00002.0000 2.0000

Eδ
⎡ ⎤+⎣ ⎦= =
⎡ ⎤+⎣ ⎦

=  

 
Maximum norm 

{ }
{ }5

sup 0.0015 , 0.0028 0.0028 0.0014
sup 2.0000 , 2.0000 2.0000

Mδ = = =  

 
 
 

Relative residual error     
5

5
0

r =
F
F

 

Euclidean norm     
1

2

21

1

( )
n

jnE
j

F
=

⎧ ⎫
= ⎨ ⎬
⎩ ⎭
∑F x  

 
{ }5 0.00001 , 0.00001=F  

( ) ( ){ } ( ){ }
{ }

1 1
2 2

1
2

2 2 221 1
0 1 0 2 02 2

2 21
5 2

0.0000 8.0000 5.6568

0.00001 0.00001 0.00001

E

E

F F⎡ ⎤ ⎡ ⎤= + = + =⎣ ⎦ ⎣ ⎦

⎡ ⎤= + =⎣ ⎦

F x x

F
 

5
0.00001 0.000002
5.6568

Er = =  

 
Maximum norm    sup iM

i
F=F  

( )
( )

0

5

5

sup 8.0000 , 0.0000 8.0000

sup 0.00001 , 0.00001 0.00001

0.00001 0.000002
8.0000

M

M

Mr

= =

= =

= =

F

F  
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Brake-off   test 
6

5
6

5

8
5

8
5

0.00113413 10

0.00142690 10

0.00000164 10

0.00000129 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 
 
 
 
SOLUTION SUMMARY 
 
 
Standard case – no acceleration 
 

solution Relative solution error Relative residual error Iteration 
Number x y Euclidean 

norm δE
Maximum 
norm δM

Euclidean 
norm rE

Maximum 
norm rM

1 4.0000000000 2.8284271247 0.8164965809 1.0000000000 2.0000000000 2.0000000000 
2 2.4000000000 2.2627416998 0.5144957554 0.6666666667 0.3622154055 0.3600000000 
3 2.0235294118 2.0256529555 0.1553873552 0.1858514743 0.0257209770 0.0247426471 
4 2.0000915541 2.0002076324 0.0122301810 0.0127213409 0.0001700889 0.0001495997 
5 2.0000000014 2.0000000115 0.0000802250 0.0001038105 0.0000000084 0.0000000064 
6 2.0000000000 2.0000000000 0.0000000041 0.0000000057 0.0000000000 0.0000000000 

 
 
 
Aitken Acceleration included from the fourth iteration 
 

solution Relative solution error Relative residual error Iteration 
Number x y Euclidean 

norm δE
Maximum 
norm δM

Euclidean 
norm rE

Maximum 
norm rM

1 4.0000000000 2.8284271247 0.8164965809 1.0000000000 2.0000000000 2.0000000000 
2 2.4000000000 2.2627416998 0.5144957554 0.6666666667 0.3622154055 0.3600000000 
3 2.0235294118 2.0256529555 0.1553873552 0.1858514743 0.0257209770 0.0247426471 
4 1.9985355138 1.9971484092 0.0134178544 0.0142627172 0.0024025701 0.0021567540 
5 2.0000003576 2.0000022149 0.0011341275 0.0014269013 0.0000016404 0.0000012862 
6 2.0000000000 2.0000000000 0.0000007932 0.0000011074 0.0000000000 0.0000000000 
7 2.0000000000 2.0000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000 
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1 2 3 4 5 6
Number of iterations
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Logarithm of iteration's number
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Residual Error - Euclidean Norm
Estimated Solution Error - Maximum Norm
Estimated Solution Error - Euclidean Norm

Logarithm of relative error's estimation

 
The same in the log-log scale 
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55..  SSOOLLUUTTIIOONN  OOFF  SSIIMMUULLTTAANNEEOOUUSS  LLIINNEEAARR  AALLGGEEBBRRAAIICC  EEQQUUAATTIIOONNSS  

((SSLLAAEE))  

5.1.   INTRODUCTION 

-     Sources of    S.L.A.E. 
- Features 

1 1n n n n× × ×
A x = b  

 
TA = A             →            symmetric 

>Tx Ax 0           ∀   nR∈x   positive definite (energy >0) 
   

banded (or sparse)  mostly  :  A

⎧
⎪
⎪
⎪⎪
⎨
⎪
⎪
⎪
⎪⎩ 1n >>   

 
Solution methods 

 
( )
( )

elimination : det 0 non singular

     ,   0,   

iterative :   
     

combined
special methods:   

           

T T

Gauss Jordan

Cholesky as above

Jacobi
Gauss Seidel
(iteration and elimination)

 frontal solution

= − ≠ −

= >

=
−

=
=

A

A A x Ax

                    methods for sparse matrices

⎧
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪⎩

 

 
 

5.2.   GAUSSIAN ELIMINATION 

 
Example 

 

1

2

3

4

x6 2 2 4 1
x-1 2 2 -3 -1

=
x0 1 1 4 2

1 0 2 3 1x

⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥
⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎩ ⎭

⎧ ⎫
⎪ ⎪

⎩ ⎭  
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Assume Table 
 

[ ] [ ]→A b I xM M  
 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
−−−

13201
24110
13221

14226

          
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−

−−

6
5

3
7

3
5

3
1

6
5

3
7

3
7

3
7

0
24110

0
14226

        

→ →

 
 

7 7 7 5
3 3 3 6

33
14

5
7

6 2 2 4 1
0
0 0 0 5
0 0 2 2

⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

 
partial 

pivoting 
→  

interchange 
of rows 3,4

7 7 7 5
3 3 3 6

5
7

33
14

6 2 2 4 1
0
0 0 2 2
0 0 0 5

⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦  

 
 →
 
 
 
 
There are several ways how to proceed now. 
 
(i) 
 

→  

31
35

7 7 4
3 3 15

8
35

33
14

6 2 2 0
0 0
0 0 2 0
0 0 0 5

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

 →  

23
35

7 8
3 15

8
35

33
14

6 2 0 0
0 0 0
0 0 2 0
0 0 0 5

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

→  

     

→  

39
35

7 8
3 1

8
35

33
14

6 0 0 0
0 0 0
0 0 2 0
0 0 0 5

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

5  →  

13
70

8
35

4
35

33
70

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

  

    final solution 

 
 
(ii) 
 

→  
7 7 7 5

3 3 3 6

5
7

33
70

6 2 2 4 1
0
0 0 2 2
0 0 0 1

−⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 →  
7 7 7 5

3 3 3 6

4
35

33
70

6 2 2 4 1
0
0 0 1 0
0 0 0 1

⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

 →  

     

→  
8

35

4
35

33
70

6 2 2 4 1
0 1 0 0
0 0 1 0 -
0 0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 →  

13
70

8
35

4
35

33
70

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−
⎢ ⎥
⎣ ⎦

  

    final solution 
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General algorithm 

 

1

    ,      
n

ij j i
j

a x b i = 1,2, ..., n
=

= ↔ =∑Ax b
 

where 
 

11 12 1

21 22 2

1 2

..

n

n
ijn n

ij

n n nn

j
a a a
a a a

a

a i
a a a

×

⎡ ⎤
⎢ ⎥
⎢ ⎥⎡ ⎤≡ =⎣ ⎦ ⎢ ⎥⋅ ⋅ ⋅
⎢ ⎥⋅ ⋅ ⋅⎢ ⎥
⎢ ⎥⎣ ⎦

A

L

L

L

L

 

 

I steps forward (without pivoting) 
( ) ( ) ( )a a m aij
k

ij
k

ik kj
k= −− −1 1

 
( ) ( ) ( )b b m bi
k

i
k

ik k
k= −− −1 1

 
 

where 

 
( )

( )
( ) ( ),

... ... ...

k -1
0 0ik

ik ij ij i ik -1
kk

am = , a = a b = b
a

k = 1,2, ,n -1; j = k +1, ,n; i = k +1, ,n  

II steps back 
( 1) ( 1)

( 1)
1

1n
n n

i i ij j n
j i ii

x b a x
a

− −
−

= +

⎡
= −⎢ ⎥
⎢ ⎥⎣ ⎦

∑
⎤

 
 
1,..., 2,1i n= −

 

 
 

Number of operations:      

 
( )1

3
03 2N N N+ +

   
- for Gauss procedure (not bounded) 

 ( )N N4 30+              - for Cramer’s formulas 
 

 
Multiple  right hand side 

 
 [ ] [ ]→1 k 1 kA b b I x xM L M L  
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5.3.   MATRIX  FACTORIZATION LU  

 
Simultaneous equations in matrix notation: 

A x = b ,          det 0≠A  
 

Matrix factorization  

A = LU  
 

lower triangle matrix
upper triangle matrix

−
−

L
U

 

 

 
 

 
Given 
 

  
{=L Ux b
y

 

 

→  
=
=

Ly b
Ux y

     y         step foreward →
     x         step back →

 
 
 
 

 

Gauss elimination method 

 I.        Obtain                 = → = -1Ly b y L b

 II.        Solve           −= → = 1Ux y x U y
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5.4.   CHOLESKI ELIMINATION METHOD  

Assumptions 

  
                                         
0 det 0               

0      ,      

t

ij

symetric matrix
nonsingular and positive definite matrix

a for i j m m n banded matrix

⎧ =
⎪

> → ≠⎨
⎪ = − > ≤⎩

TA A
x Ax A  

 

Definition 

 A matrix is said to be strictly diagonally dominant if 

1

  ,                   
n

ii ij
j
j i

a a  i = 1,2,…,n
=
≠

> ∑
 

Theorem 

 If a real matrix  is symmetric, strictly diagonally dominant, and has positive 
diagonally elements, then is positive definite. 

A
A

 

Matrix factorization 

TA = LL ,      TU = L

  

 
 
 

         
    

              
step foreward
step back

→⎧
= → ⎨ →⎩

T

Ly = b y
Ax b

L x = y x
 

 
Remark 

 

 here        ≡ TU L
 
 
 

Solution algorithm 
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Initial step:    Choleski factorization of matrix 

1
2

1

1

1

               

1

1, 2,..., , 1,...,

j

jj jj jk
k

j

ij ij ik jk
k jj

l a l diagonal elements

l a l l off diagonal elements
l

where j n i j n

−

=

−

=

= −

⎛ ⎞
= −⎜ ⎟
⎝ ⎠

= = +

∑

∑  

I  step foreword 

1

1

       
i

i i ij j
j ii

1y b l y i = 1,2, ..., n
l

−

=

⎡ ⎤
= −⎢ ⎥
⎣ ⎦

∑  

 
II  step back – similar as in the Gauss-Jordan algorithm 

1

1 ,...,2,1
n

i i ji j
iij i

x y l x i n
l= +

⎡ ⎤
= − =⎢ ⎥
⎢ ⎥⎣ ⎦

∑  

 

Example 
 

Cholesky factorization of the given matrix  
 

11 12 13

21 22 23

31 32 33

11 11 21 31

21 22 22 32

31 32 33 33

a a a 4 -2 0 l 0 0 l l l
a a a -2 5 -2 = l l 0 0 l l
a a a 0 -2 5 l l l 0 0 l

⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣

A
⎤
⎥
⎥
⎥⎦

 

Column 1:  

   

     

     

     

2
11 11 11 11 11

21
11 21 21 21 21

11

31
11 31 31 31 31

11

l = a l = a l = 4 = 2
a -2l l = a l =  l = = -1
l 2
a 0l l = a l =  l = = 0
l 2

→ →

→ →

→ →
 

Column 2:          

( )

( ) ( )

        

      

22 2 2
21 22 22 22 22 21 22

31 21 32 22 32 32 32 31 21 32
22

l +l = a l = a - l l = 5 - -1 = 2

1 1l l +l l = a l = a - l l l = -2 -0× -1 = -1
l 2

→ →

→ → ⎡ ⎤⎣ ⎦
 

Column 3: 

( )2 2 2
31 32 33 33         22 2 2

33 33 31 32 33l l l a   l = a - l - l l = 5 -0 - -1 =+ + = → → 2

⎤
⎥
⎥
⎥⎦

 
Final result: 

4 -2 0 2 0 0 2 -1 0
A -2 5 -2 -1 2 0 0 2 -1

0 -2 5 0 -1 2 0 0 2

⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥ ⎢ ⎥ ⎢= =⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦ ⎣
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5.5.  ITERATIVE METHODS  

Example 

51 1
1 2 3 1 2 310 20 4

302 2
1 2 3 2 1 313 13 13

1 2 3 3 1 2

20x + 2x - x = 25 x = - x + x +
2x +13x - 2x = 30 x = - x + x +
x + x + x = 2 x = -x -x +2

⎫
⎪ ⇒⎬
⎪
⎭

 

 
The method of simple iterations may be applied, using one of the following algorithms: 

 
JACOBI  ITERATION SCHEME 

 
GAUSS - SEIDEL ITERATION SCHEME 

 
(n) (n-1) (n-1) 51 1

1 210 20 4
(n) (n-1) (n-1) 302 2

2 1 313 13 13
(n) (n-1) (n-1)

3 1 2

3x = - x + x +

x = - x + x +

x = -x - x +2

 

(n) (n-1) (n-1) 51 1
1 210 20 4

(n) (n) (n-1) 302 2
2 1 313 13 13
(n) (n) (n)

3 1 2

3x = - x + x +

x = - x + x +

x = -x - x +2

 

Let    (0) (0) (0)
1 2 3x = x = x = 0  

(1) 51 1
1 10 20 4

(1) 302 2
2 13 13 13
(1)

3

x = - 0+ 0+ = 1.250000

x = - 0 + 0+ = 2.307692

x = -0 -0 + 2 =2.000000

⋅ ⋅

⋅ ⋅  

 

                                          

(1) 51 1
1 10 20 4

(1) 302 2
2 13 13 13
(1)

3

x = - 0 + 0+ = 1.250000

x = - 1.250000 + 0+ = 2.115385

x = -1.250000 - 2.115385 + 2 = -1.365385

⋅ ⋅

⋅ ⋅  

(2) 51 1
1 10 20 4

(2) 302 2
2 13 13 13
(2)

3

x = - 2.307692+ 2.000000+ = 1.119231

x = - 1.250000 + 2.000000+ = 2.423077

x = -1.250000 - 2.307692 +2 =-1.557692

⋅ ⋅

⋅ ⋅  

(2) 51 1
1 10 20 4

(2) 302 2
2 13 13 13
(2)

3

x = - 2.115385 1.365385+ = 0.970192

x = - 0.970192 1.365385+ = 1.948373

x = -0.970192 -1.948373 +2 = -0.918565

⋅ − ⋅

⋅ − ⋅

 
 

 JACOBI GAUSS - SEIDEL 
n )(

1
nx  )(

2
nx  )(

3
nx  )(

1
nx  )(

2
nx  )(

3
nx  

3 0.929808 1.895858 -1.542308 1.009234 2.011108 -1.020342 
4 0.983299 1.927367 -0.825666 0.997872 1.997198 -0.995070 
5 1.015980 2.029390 -0.910666 1.000527 2.000677 -1.001204 
10 0.999906 2.000106 -1.002296 0.999999 1.999999 -0.999999 
11 0.999875 1.999661 -1.000013 1.000000 2.000000 -1.000000 
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General algorithm 

 
 Matrix notation  

 

Matrix decomposition 

0
=

A L D

000

0

+

++
+ U=  

 
 

Simultaneous algebraic equations to be analyzed 

 
Ax = b                    x  + x  +  x = b → L% D% U%

 
 

Iteration algorithms 

Jacobi 
 

Gauss - Seidel 

x(n) = - -1D%  ( +L U% % ) x(n-1) + D -1% b 
 

x(n) = -( +L D% % )-1 U% x(n-1) + ( )+L D% % -1b 

 Remark : Inversion of the whole matrix       
( +L D% % ) is not required 

 
Index notation 

 
{ }ija=A ,      ,      { }ib=b { }ix=x ;            i,j = 1, 2, … , n 
 

Simultaneous algebraic equations to be analyzed  

∑
=

=
n

i
ijij bxa

1
 

 
Iteration algorithms 

Jacobi 
 

Gauss – Seidel 
 

( 1)
( )

1

nn
n

i ij j
jii
j i

1
ix a x b

a

−

=
≠

⎡ ⎤
⎢ ⎥= − +⎢ ⎥
⎢ ⎥⎣ ⎦
∑  

( ) ( 1)1
( )

1 1

n ni n
n

i ij j ij j
j j iii

1
ix a x a x b

a

−−

= = +

⎡ ⎤
= − − +⎢ ⎥

⎢ ⎥⎣ ⎦
∑ ∑  

i = 1, 2, ... , n 
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Theorem 

 
When A is a positive definite matrix the Jacobi and Gauss – Seidel methods are 

convergent. (It is a sufficient but not necessary condition) 
 

 

Relaxation technique 

 
 ( )( ) ( 1) ( ) ( 1) ( 1) ( )ˆ ˆn n n n n

ii i i i i
nx x x x 1 xµ µ− − −⎡ ⎤= + − = − +⎣ ⎦ xµ  

  
     
                 ( )ˆ n

ix        -    Direct Gauss – Seidel result,  n-th iteration 
                           ( )n

ix        -    relaxed solution,  n-th iteration 
                           0µ >     -    relaxation parameter 

 
 

Variable  relaxation  parameter ( )1nµ −  

 

Residuum 
( 1) ( ) ( 1)ˆ ˆn n n− −= −r x x ,        ( 1) ( ) ( 1)ˆ ˆ ˆn n n− −∆ = −r r r  

let 
( ) ( )1( ) ( 1) ( ) ( 1) ( 1) ( 1) ( 1)ˆ ˆ ˆ ˆnn n n n n n nµ µ− ˆ− − − −= + − = + ∆r r r r r r −  

and 

  
( )( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )

( )( ) ( )( ) ( )

1 1 1 1

21 1 1

ˆ ˆ2

ˆ ˆ

t t tn n n n n n n

tn n n

µ

µ

− − − −

− − −

= = + ∆

+ ∆ ∆

I r r r r r r

r r

1−

 

hence using the condition 
 

 
( ) ( )

( )( ) ( ) ( )( ) ( ) ( ) ( )
1

1 1 1 1 ( 1) ( 1) ( 1)
1

d ˆ ˆ ˆ ˆ ˆ ˆmin 2 2 2 0
dn

t t tn n n n n n n
nµ

µ
µ−

− − − − − − −
−

→ = ∆ + ∆ ∆ + ∆ ∆
II r r r r r r =  

find the optimal relaxation coefficient 

( )
( ) ( )

( )
( ) ( )

( 1) ( 1) ( 1) ( )
( 1)

( 1) ( 1) ( 1) ( 1)

ˆ ˆ ˆ ˆ
1

ˆ ˆ ˆ ˆ

t tn n n n
n

t tn n n n
µ

− − −
−

− − − −

∆ ∆
= = −

∆ ∆ ∆ ∆

r r r r

r r r r
 

hence 
( )1( ) ( 1) ( 1)ˆˆ nn n n

i i µ −− −= + rx x  
 

Example  continuation : Relaxation (using Gauss – Seidel) 

Let 0.8µ = = const 
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.

(2)
1
(2)
2
(2)
3

x = 1.250000  +0.8 (0.970192 -1.250000)=  1.026154

x = 2.115385  +0.8 (1.948373 - 2.115385)=  1.981775

x = -1.365385+0.8 (-0.918565 -1 365385)= -1.007929

⋅

⋅ ⇒

⋅

 

 
 

Further iterations 

Gauss – Seidel followed by 
relaxation 
 

. . (3) (3) . . (4) (4)G S RELAX G S RELAX

1.001426 1.006372 1.000401 1.001595
1.998561 1.995204 1.999695 1.998798
-0.999987 -1.001575 -1.000097 -1.000393

⎧ ⎫ ⎧ ⎫ ⎧ ⎫ ⎧
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪⇒ ⇒ ⇒⎨ ⎬ ⎨ ⎬ ⎨ ⎬ ⎨
⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎩ ⎭ ⎩ ⎭ ⎩

⎫
⎪
⎬
⎪
⎭

 

 
 

Example continuation : Relaxation (using Gauss – Seidel) 

Gauss – Seidel iteration Gauss – Seidel iteration  

1 2 3 

Relaxation
(3’) 

4 5 

Relaxation
 (5’) 

1x  1.250000 0.970192 1.009234 1.002145 0.999935 1.000045 1.000032

2x  2.115385 1.948373 2.011108 1.999716 1.999724 2.000046 2.000007

3x  -1.365385 -0.918565 -1.020342 -1.001861 -0.999659 -1.000090 -1.000038

1r%   -0.279808 0.039042 -0.002210 0.000109 

2r%   -0.167012 0.062735 0.000008 0.000322 

3r%   0.446820 -0.101777 0.002202 -0.000431 

1r∆%    0.318850 0.002319 

2r∆%    0.229747 0.000314 

3r∆%    -0.548597 -0.002633 
µ    0.818412 0.879922 

 

Error estimation 

after the first step of iteration  
 
Estimated relative solution error 

{ }
{ }

1 0
1

1

1 0 1.250000 0.0000, 2.115385 0.000000, 1.365385 0

1.250000 ,2.115385, 1.365385

δ
−

=

− = − − − −

= −

x x
x

x x  
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Euclidean norm 

( )
( )

1
2

1
2

2 2 21
3

1
2 2 21

3

1.250000 2.115385 ( 1.365385) 1.622922 1.000000
1.6229221.250000 2.115385 ( 1.365385)

Eδ
⎡ ⎤+ + −⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

 
 
Maximum norm 

{ }
{ }1

sup 1.250000 ,2.115385, 1.365385 2.115385 1.000000
2.115385sup 1.250000 ,2.115385, 1.365385

Mδ
−

= =
−

=  

 

Relative residual error    
0

n
nr =

F
F

 

1
1

0

r =
F
F

 

Euclidean norm     
1

2

21

1

( )
n

jnE
j

F
=

⎧ ⎫
= ⎨ ⎬
⎩ ⎭
∑F x  

{ }1 -5.596155 , -2.730775,0.000000=F  

( ) ( ) ( ){ } { }
( ) ( ) ( ){ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
3

25 30 2 22.575798

-5.596155 -2.730775 0.000000 3.595093

E

1 E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 
 

1
3.595093 0.159245
22.575798

Er = =  

 
Maximum norm    sup iM

i
F=F  

 
( )
( )

0

1

1

sup 25,30, 2 30

sup -5.596155 , -2.730775 ,0.000000 5.596155

5.596155 0.186539
30

M

M

Mr

= =

= =

= =

F

F  

Brake-off  test 

Assume admissible errors for convergence  and residuum ; check CB RB
 

6
1

6
1

8
1

8
1

1.000000 10

1.000000 10

0.159245 10

0.186539 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=
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after second step of iteration  
 
Estimated relative solution error 

 

{ }
{ }

2 1
2

2

2 1 0.970192 1.250000,1.948373 2.115385, 0.918565 1.365385

0.279808 , 0.167012,0.446820

δ
−

=

− = − − − +

= − −

x x
x

x x  

 
Euclidean norm 

 

( )
( )

1
2

1
2

2 2 21
3

2
2 2 21

3

( 0.279809) 0.167012 0.446820 0.319288 0.234088
1.3639340.970192 1.948373 ( 0.918565)

Eδ
⎡ ⎤− + +⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

 
Maximum norm 

{ }
{ }2

sup 0.279808 , 0.167012 ,0.446820 0.446820 0.229330
1.948373sup 0.970192 ,1.948373, 0.918565

Mδ
− −

= =
−

=  

 
Relative residual error     
 

2
2

0

r =
F
F

 

 
Euclidean norm      

{ }2 0.780849 , 0.893637,0.000000=F  

( ) ( ) ( ){ } { }
( ) ( ) ( ){ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
2 3

25 30 2 22.575798

0.780849 0.893637 0.000000 0.685155

E

E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 

2
0.685155 0.030349
22.575798

Er = =  

 
 

Maximum norm     
 

( )
( )

0

2

2

sup 25,30,2 30

sup 0.780849 , 0.893637,0.000000 0.893637

0.893637 0.029788
30

M

M

Mr

= =

= =

= =

F

F  
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Brake-off   test 

Assume admissible errors for convergence  and residuum ; check CB RB
 

6
2

6
2

8
2

8
2

0.234088 10

0.229330 10

0.030349 10

0.029788 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 
 

after third step of iteration  
 
Estimated relative solution error 

 

{ }
{ }

3 2
3

3

3 2 1.009234 0.970192,2.011108 1.948373, 1.020342 0.918565

0.039042,0.062735, 0.101777

δ
−

=

− = − − − +

= −

x x
x

x x  

Euclidean norm 
 

( )
( )

1
2

1
2

2 2 21
3

3
2 2 21

3

0.039042 0.062735 ( 0.101777) 0.072614 0.050906
1.4264421.009234 2.011108 ( 1.020342)

Eδ
⎡ ⎤+ + −⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

 
Maximum norm 

{ }
{ }3

sup 0.039042 ,0.062735, 0.101777 0.101777 0.050608
2.011108sup 1.009234 ,2.011108, 1.020342

Mδ
−

= =
−

=  

 
Relative residual error     
 

3
3

0

r =
F
F

 

 
 

Euclidean norm      
{ }3 -0.227238 , 0.203556,0.000000= −F  

( ) ( ) ( ){ } { }
( ) ( ){ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
3 3

25 30 2 22.575798

-0.227247 -0.203554 0.000000 0.176140

E

E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 
 

3
0.176140 0.007802
22.575798

Er = =  
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Maximum norm     
 

( )
( )

0

3

3

sup 25,30, 2 30

sup -0.227238 , -0.203556 ,0.000000 0.227238

0.227238 0.007575
30

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 

Assume admissible errors for convergence  and residuum ; check CB RB
 

6
3

6
3

8
3

8
3

0.050906 10

0.050608 10

0.007802 10

0.007575 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 

after third step of iteration and relaxation  
 
Estimated relative solution error 

 

{ }
{ }

3' 2
3'

3'

3' 2 1.002145 0.970192, 1.999716 1.948373, 1.001861 0.918565

0.031953,0.051343, 0.083296

δ
−

=

− = − − − +

= −

x x
x

x x  

 
 
Euclidean norm 

 

( )
( )

1
2

1
2

2 2 21
3

3'
2 2 21

3

0.031953 0.051343 ( 0.083296) 0.059429 0.041998
1.4150251.002145 1.999716 ( 1.001861)

Eδ
⎡ ⎤+ + −⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

 
 
Maximum norm 

{ }
{ }3'

sup 0.031953 ,0.051343, 0.083296 0.083296 0.041654
1.999716sup 1.002145 ,1.999716, 1.001861

Mδ
−

= =
−

=  

 
Relative residual error     
 

3'
3'

0

r =
F
F

 

Euclidean norm     
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{ }3' 0.044190, 0.004317, 0.000000=F  

( ) ( ) ( ){ } { }
{ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
3' 3

25 30 2 22.575798

0.044190 0.004317 0.000000 0.025635

E

E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 
 

3'
0.025635 0.001135
22.575798

Er = =  

 
Maximum norm     
 

( )
( )

0

3'

3'

sup 25,30,2 30

sup 0.044190 , 0.004317,0.000000 0.044190

0.044190 0.001473
30

M

M

Mr

= =

= =

= =

F

F  

 
 

Brake-off   test 

Assume admissible errors for convergence  and residuum ; check CB RB
 

6
3'

6
3'

8
3'

8
3'

0.041998 10

0.041654 10

0.001135 10

0.001473 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 
after fourth step of iteration  
 
Estimated relative solution error 
 

{ }
{ }

4 3'
4

4

4 3' 0.999935 1.002145, 1.999724 1.999716, 0.9996590 1.001861

0.002210, 0.000008, 0.002202

δ
−

=

− = − − − +

= −

x x
x

x x

 
 
Euclidean norm 

 

( )
( )

1
2

1
2

2 2 21
3

4
2 2 21

3

( 0.002210) 0.000008 0.002202) 0.001801 0.001274
1.4139880.999935 1.999724 ( 0.999659)

Eδ
⎡ ⎤− + +⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

Maximum norm 
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{ }
{ }4

sup 0.002210 ,0.000008, 0.002202 0.002210 0.001105
1.999724sup 0.999935 , 1.999724, 0.999659

Mδ
−

= =
−

=  

 
Relative residual error     
 

4
4

0

r =
F
F

 

 
Euclidean norm      

{ }4 -0.002186, 0.004403, 0.000000= −F  

( ) ( ) ( ){ } { }
( ) ( ){ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
4 3

25 30 2 22.575798

-0.002186 -0.004403 0.000000 0.002838

E

E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 

4
0.002838 0.000126
22.575798

Er = =  

Maximum norm     
 

( )
( )

0

4

4

sup 25,30, 2 30

sup -0.002193 , -0.004400 ,0.000000 0.004400

0.004403 0.000147
30

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 

Assume admissible errors for convergence  and residuum ; check CB RB
 

6
4

6
4

8
4

8
4

0.001274 10

0.001105 10

0.000126 10

0.000147 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 
 
 
 
 
 
 
 
 
 
 
after  the fifth step of iteration  
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Estimated relative solution error 
 
 

{ }
{ }

5 4
5

5

5 4 1.000045 0.999935, 2.000046 1.999724, 1.000090 0.999659

0.000109, 0.000322, 0.000431

δ
−

=

− = − − − +

= −

x x
x

x x  

 
Euclidean norm 

 

( )
( )

1
2

1
2

2 2 21
3

5
2 2 21

3

0.000109 0.000322 ( 0.000431) 0.000317 0.000224
1.4142671.000045 2.000046 ( 1.000090)

Eδ
⎡ ⎤+ + −⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

 
Maximum norm 
 

{ }
{ }5

sup 0.000109 , 0.000322 , 0.000431 0.000431 0.000215
2.000046sup 1.000045 ,2.000046, 1.000090

Mδ
−

= =
−

=  

 
Relative residual error     
 

5
5

0

r =
F
F

 

 
Euclidean norm      
 

{ }5 0.001075, 0.000862, 0.000000=F  

( ) ( ) ( ){ } { }
{ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
5 3

25 30 2 22.575798

0.001075 0.000862 0.000000 0.000796

E

E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 
 

5
0.000796 0.000035
22.575798

Er = =  

Maximum norm     
 

( )
( )

0

5

5

sup 25,30,2 30

sup 0.001075 , 0.000862,0.000002 0.001075

0.001075 0.000036
30

M

M

Mr

= =

= =

= =

F

F  

 
Brake-off   test 
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Assume admissible errors for convergence  and residuum ; check CB RB
 

6
5

6
5

8
5

8
5

0.000224 10

0.000215 10

0.000035 10

0.000036 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 
 

after fifth step of iteration and relaxation 
 

Estimated relative solution error 

{ }
{ }

5' 4
5'

5'

5' 4 1.000032 0.999935, 2.000007 1.999724, 1.000038 0.999659

0.000097, 0.000283, 0.000379

δ
−

=

− = − − − +

= −

x x
x

x x  

 
Euclidean norm 

 

( )
( )

1
2

1
2

2 2 21
3

5'
2 2 21

3

0.000097 0.00028 ( 0.000379) 0.000279 0.000197
1.4142331.000032 2.000007 ( 1.0000038)

Eδ
⎡ ⎤+ + −⎣ ⎦= =
⎡ ⎤+ + −⎣ ⎦

=  

Maximum norm 
 

{ }
{ }5'

sup 0.000097 ,0.000283, 0.000379 0.000379 0.000190
2.000007sup 1.000032 ,2.000007, 1.000038

Mδ
−

= =
−

=  

 
Relative residual error     
 

5'
5'

0

r =
F
F

 

 
Euclidean norm      
 

{ }5' 0.000683, 0.000230, 0.000000=F  

( ) ( ) ( ){ } { }
{ }

1 12 2

1
2

2 2 2 2 2 21 1
0 1 0 2 0 3 03 3

2 2 21
5' 3

25 30 2 22.575798

0.000683 0.000230 0.000000 0.000416

E

E

F F F⎡ ⎤ ⎡ ⎤= + + = + + =⎣ ⎦⎣ ⎦

⎡ ⎤= + + =⎣ ⎦

F x x x

F

 

5'
0.000416 0.000018
22.575798

Er = =  
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Maximum norm     
 

( )
( )

0

5'

5'

sup 25,30,2 30

sup 0.00683 , 0.000230,0.000000 0.000683

0.000683 0.000023
30

M

M

Mr

= =

= =

= =

F

F  

 

 

Brake-off   test 

 

Assume admissible errors for convergence  and residuum ; check CB RB
 

6
5

6
5

8
5

8
5

0.000197 10

0.000190 10

0.000018 10

0.000023 10

E
C

M
C

E
R

M
R

B

B

r B

r B

δ

δ

−

−

−

−

= >

= >

= >

= >

=

=

=

=

 

 
 

Relative error estimation

-5
-4,5

-4
-3,5

-3
-2,5

-2
-1,5

-1
-0,5

0
0 0,2 0,4 0,6 0,8

Logarithm of iteration's number

Lo
ga

rit
hm

 o
f e

rr
or

's
 

m
ag

ni
tu

de

Solution Convergence - Maximum Norm
Solution Convergence - Euclidean Norm
Residual Error - Maximum Norm
Residual Error - Euclidean Norm
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5.6.  MATRIX  FACTORIZATION  LU BY THE GAUSSIAN ELIMINATION 

 
A = LU  

 
The LU factorization of matrix A may be done by the Gaussian elimination approach. The 

main difference between the Gauss procedures of the solution of the SLAE and matrix 
factorization LU is that in the last case we have to store the multipliers {mij}. Application:  

–  solution of problems with multiple right hand side 
–     matrix inversion 
 

Example 

 
1 1 2 -4
2 -1 3 1
3 1 -1 2
1 -1 -1 -1

⎡ ⎤
⎢ ⎥
⎢ ⎥ →
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

 
 
m21 
m31 
m41
 

         m32       

     m42                                                                                            m43
Then 

1 1 2 -41 0 0 01 1 2 -4
0 -3 -1 92 1 0 02 -1 3 1

= -1923 1 0 0 0 83 1 -1 2 3 3
71 -1 -1 -1 -7521 1 0 0 03 19 19

⎡ ⎤⎡ ⎤⎡ ⎤ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

 
              A        =          L                         U 

Generally 
11 12 1n 11 12 1n

21 22 2n 21 22 2n

n1 n2 nn n1 n2 nn

a a … a 1 0 … 0 u u … u
a a … a m 1 … 0 0 u … u

=

a a … a m m … 1 0 0 … u

⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦ ⎣

M M M M M

⎤
⎥
⎥
⎥
⎥
⎥⎦

M
 

 
 

1 1 2 -4 1 1 2 -4 1 1 2 -4
-3 -1 9 2 -3 -1 9 2 -3 -1 9
-2 -7 14 -19 3 8 -19 3 8
-2 -3 5 3 -7 3 -1 -75 19

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥→ →
2
3 3 2 3

⎢ ⎥
3 2 3

1 1 2 1 2 3 7 19
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦
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5.7.    MATRIX INVERSION 

5.7.1.   Inversion of squared matrix using Gaussian Elimination 
                           [ ] 1−⎡ ⎤→ ⎣ ⎦A I I AM M  

Example 

 
 

 
 

2 1 1
A 1 2 1

1 1 2

⎡ ⎤
⎢ ⎥= →⎢ ⎥
⎢ ⎥⎣ ⎦

 
 
 
 

 
 

2 1 1 1 0 0 2 1 1 1 0 0
3 1 11 2 1 0 1 0 0 - 1 02 2 2

31 10 - 01 1 2 0 0 1 2 2 2 1

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥→ → →
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

M M

M M

MM

2 1 1 1 0 0 2 1 1 1 0 0
3 31 1 1 10 - 1 0 0 - 12 2 2 2 2 2

4 31 1 1 10 0 - - 1 0 0 1 - -3 3 3 4 4 4
5 312 1 0 -2 1 1 1 0 0 4 4 4

3 3 7 3 3 9 30 0 - 0 0 0 - -2 8 8 2 8 8 8
3 31 1 1 10 0 1 - - 0 0 1 - -4 4 4 4 4 4

⎡ ⎤ ⎡
⎢ ⎥ ⎢
⎢ ⎥ ⎢→ →
⎢ ⎥ ⎢
⎢ ⎥ ⎢
⎢ ⎥ ⎢⎣ ⎦ ⎣
⎡ ⎤ ⎡
⎢ ⎥ ⎢
⎢ ⎥ ⎢→ →
⎢ ⎥ ⎢
⎢ ⎥ ⎢
⎢ ⎥ ⎢⎣ ⎦ ⎣

M M

M M

M M

MM

M M

M M

0

⎤
⎥
⎥ →
⎥
⎥
⎥⎦
⎤
⎥
⎥
⎥
⎥
⎥⎦

 

  5 31 3 1 12 1 0 - 2 0 0 - -4 4 4 2 2 2
3 31 1 1 10 1 0 - - 0 1 0 - -4 4 4 4 4 4

3 31 1 1 10 0 1 - - 0 0 1 - -4 4 4 4 4 4

⎡ ⎤ ⎡
⎢ ⎥ ⎢
⎢ ⎥ ⎢→ →
⎢ ⎥ ⎢
⎢ ⎥ ⎢
⎢ ⎥ ⎢⎣ ⎦ ⎣

M M

M M

M M

⎤
⎥
⎥ →
⎥
⎥
⎥⎦

 
 
 
 
 
 3 1 11 0 0 - -4 4 4

31 10 1 0 - -4 4 4
31 10 0 1 - -4 4 4

⎡ ⎤
⎢ ⎥
⎢ ⎥→
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

M

M

M

 
 
 
 
 

Algorithm 

A C = I         ,          A = [aij]         ,       C = [cij],    where  C0 = I 
 

I. Step forward 

        ,         )1()1()( −− −= k
kjik

k
ij

k
ij amaa )1(

)1(

−

−

= k
kk

k
ik

ik a
a

m ,        k = 1, 2, … , n-1;   i, j = k+1, ... , n; 

)1()1()( −− −= k
kjik

k
ij

k
ij cmcc                                                                            j = 1, 2, ... , n;  
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II. Step back 
 

( 1)k
kka 1− = ,     ,                                       k = n, n-1, ... , 2;       i = k-1, k-2, ... , 1;  ( 1)k

ika − = 0
( 1) ( )

( )
k k

kj kj k
kk

1c c
a

− =                    mik                                        

( )
( 1) ( ) ( )

( )

k
k k k ik

ij ij kj k
kk

ac c c
a

− = −                                    j = 1, 2, ..., n; 

 

5.7.2.   Inversion of the lower triangular matrix 
 

Example 

L =

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 0 0
2 4 0
3 5 6

, C
?

1
11

21 22

31 32 33

c 0 0
c c 0
c c c

−

⎡ ⎤
⎢ ⎥= =⎢ ⎥
⎢ ⎥⎣ ⎦

L     ,   LC=I 

 
 

11

21 22

31 32 33

1 0 0 c 0 0 1 0 0
2 4 0 c c 0 0 1 0
3 5 6 c c c 0 0 1

⎡ ⎤ ⎡ ⎤ ⎡
⎢ ⎥ ⎢ ⎥ ⎢=⎢ ⎥ ⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥ ⎢⎣ ⎦ ⎣ ⎦ ⎣

⎤
⎥
⎥
⎥⎦

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

11 21 31 11

11 21 31 21

11 21 31 31

22 32 22

22 32 32

33 33

c ×1 + c ×0 + c ×0 = 1 c = 1
1c × 2 + c ×4 + c ×0 = 0 c = -
2
1c ×3 + c ×5 + c ×6 = 0 c = - 1 0 012

1 1- 01 2 42 + c ×4 + c ×0 = 1 c =
4 51 1- -12 24 653 + c ×5 + c ×6 = 0 c = -
24
13 + 0×5 + c ×6 = 1 c =
6

→ ⎫
⎪
⎪→
⎪
⎪ ⎡ ⎤→ ⎪ ⎢ ⎥⎪⎪ ⎢=⎬ ⎢→ ⎪ ⎢⎪ ⎢⎣ ⎦⎪→ ⎪
⎪
⎪→
⎪⎭

C ⎥
⎥
⎥
⎥

0×

0×

0×

 
Algorithm 

 
 

1

ii
ii

i

ij ik kj
k jii

1c
l

1c l
l

−

=

=

= − ∑ c
 

 
...

... 1 ...

i = 1,2, ,n

j = 1,2, ,i ; k = j, j +1, ,i -1−
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5.8.   OVERDETERMINED SIMULTANEOUS LINEAR EQUATIONS 

 
 
 

 
 

 
 
 
 
 

 
 
 

 

THE LEAST SQUARES METHOD 

 

(1,1)

(2,2)
( , )2

3
4
3

6
7

9
7

( , )

x+y=2
x-

y=
0

x-2y=-2

x

F(x)

x y
x y
x y

+ =
− =
− = −

2
0

2 2
 

Use of the Euclidean error norm 
 
Let    ( ) ( ) ( )B x y x y x y= + − + − + − +2 2

2 2
2

2
 

 

( ) ( ) ( )

( ) ( ) ( ) 2 6 

B 2 x+ y - 2 2 x - y 2 x - 2y+2 0 3x - 2y = 0x
B - x+ y =2 x+ y - 2 2 x - y 2 2 x - 2y+2 0
y

∂
∂
∂
∂

⎫= + + = →⎪⎪
⎬
⎪= − − ⋅ = →
⎪⎭

6
 

 

solution x = 6
7 ,  

2 2 21 3 29
7 7 7 7

y B ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ 2
7

= → = + − + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 
General approach 

Index notation 

1

m

ij j i
j

a x b
=

=∑ ,              i n= 1 2, , ,L ;            j m= 1 2, , ,L     m n  <

  
where          m – number of unknows 
     n – number of equations       
 

In the above example  m=2, n=3. 
 

∑ ∑
= =

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

n

i

m

j
ijij bxaB

1

2

1
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1 1 1 1 1
2 0

n m n m n

ik ij j i ik ij j ik i
i j i j ik

B a a x b a a x a
x

∂
∂ = = = = =

⎛ ⎞
= − = → =⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ∑ ∑ b ,    k=1, …, m 

 
Matrix notation 

( ) ( )
1 1

t

n m m n
B

× × ×
= → = − −A x b Ax b Ax b  

 

( )2 tB∂
∂

= − = →A Ax b 0
x

  t t=A Ax A b  

 
 
 

=

m 1xn mx n 1x

         

=

m 1xm mx m 1x

 
 
 

Example 

Once more the same example as before, but posed now in the matrix notation 
 
 

A = −
−

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 1
1 1
1 2

            
2
0
2

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

b           
x
y
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

x  

 

T

1 1
1 1 1 3 -2

1 -1 =
1 -1 -2 -2 6

1 -2

⎡ ⎤
⎡ ⎤ ⎡⎢ ⎥= ⎢ ⎥ ⎢⎢ ⎥⎣ ⎦ ⎣⎢ ⎥⎣ ⎦

A A
⎤
⎥
⎦

⎡ ⎤
⎢ ⎥
⎣ ⎦

,   

 

0
6

2
1 1 1

0 =
1 -1 -2

-2

⎡ ⎤
⎡ ⎤ ⎢ ⎥= ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

tA b  
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Pseudo solution by means of the least squares method (LSM) 
 

63 -2 x 0 7=
-2 6 y 6 9

7

⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎢ ⎥→ =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

x  

 
 
A weighted LSM may be also considered. 
 

Matrix notation 

( ) ( )B = − −tAx b W Ax b  
hence 

t tA WAx = A Wb  
where 

( )1 2 1, , , , ,n ndiag w w w w w= =W K K  
 

 Index notation 

2

1 1

n m

ij i i
i j

B a b w
= =

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
∑ ∑  

1 1 1

0 , 1, ...,
n m n

ik i ij j ik i i
i j ik

B k m a w a x a w b
x = = =

∂
= = → =

∂ ∑ ∑ ∑  



Chapter 5—26/29  2007-11-30 
 

5.9 UNDERDETERMINED SLAE – MINIMUM LENGTH METHOD 
 

CASE: LESS EQUATIONS THAN UNKNOWNS 

 

 

 

 

 

 

SOLUTION APPROACH: MINIMUM LENGTH METHOD (MLM) 

Introductory example 

Find  
2

,
min ρ

yx
  ,  222 yx +=ρ

when 
532 =+ yx  

(i) Elimination 

)25(
3
1 xy −=  

hence 

222 )25(
9
1 xx −+=ρ  

find 

2min ρ
x

  , 222 )25(
9
1 xx −+=ρ  

13
15,

13
100)25(

9
422 ==→=−−= yxxx

dx
d ρ  

(ii) Lagrange multipliers approach 

)532()( 22 −+−+= yxyxI λ  

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

=

=

=

⇒

⎪
⎪
⎪

⎭

⎪
⎪
⎪

⎬

⎫

=−+−=
∂
∂

=−=
∂
∂

=−=
∂
∂

13
10
13
15
13
10

0)532(

032

022

λ
λ

λ

λ

y

x

yxI

y
y
I

x
x
I
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GENERAL LINEAR CASE 

Find  

2

,,1
min ρ

nxx K
  ,  ∑

=

=
n

i
ix

1

22ρ

when 

nm
mxnxmxn

<= ,
11

bxA  , linear constraints 

SOLUTION BY THE ELIMINATION APPROACH 

let 

{ }
unknownsunknowns
remainingeliminated

1x)(1x1x)(xxx
,,,

mnmnmnmmmnm −−
=⎥⎦

⎤
⎢⎣
⎡= xxxAAA

 

hence 

1x1x)()(x1xx1xx mmnmnmmmmnnm
bxAxAxA =+=

−−
 

)(
1x)()(x1x

1

x1x mnmnmmmmm −−

− += xAbAx  eliminated unknowns,   (*) 

and 

),,(),,( 1
2

1

2

1

22
nmn

n

mni
inmn

m

i
i xxxxxx KK +−

+−=
−

=

=+= ∑∑ ρρ . 

Finally we find in two steps the solution of the minimization problem 

),,(min 1
2

,,1
nmnxx

xx
nmn

K
K

+−
+−

ρ  

- step 1 – use of the optimality conditions 

nmnmnk
xk

,,2,1for     ,0
2

K+−+−==
∂
∂ρ  

hence we obtain the first part of the unknowns    nmn xx ,,1 K+−

- step 2 – use of the elimination formulas (*); they provide the remaining unknowns   
 mxx ,,1 K

 

Example 

Given undeterminen SLAE 

424
432
−=−+−

=−+
zyx

zyx
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Solution by the minimum length approach 

Find 
2

,,
min ρ

zyx
  ,  2222 zyx ++=ρ

when 

⎥
⎦

⎤
⎢
⎣

⎡
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎦

⎤
⎢
⎣

⎡
−−
−

4
4

241
132

z
y
x

 

Hence 

⎥
⎦

⎤
⎢
⎣

⎡
−
−

=⎥
⎦

⎤
⎢
⎣

⎡
−

=→⎥
⎦

⎤
⎢
⎣

⎡
−−
−

=
2
1

,
41
32

2|41
1|32

122232 xxx
AAA  

and 
}44{,}|{ −== bx zyx  

Solution process 

⎥
⎦

⎤
⎢
⎣

⎡ −
=−

21
34

11
11

22 x
A  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡−
+⎥
⎦

⎤
⎢
⎣

⎡
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
−
−

−⎥
⎦

⎤
⎢
⎣

⎡
−⎥

⎦

⎤
⎢
⎣

⎡ −
=⎥

⎦

⎤
⎢
⎣

⎡
][

5
2

4
28

11
1][

2
1

4
4

21
34

11
1 zz

y
x

 

elimination and minimization 

][
11
5
2

11
1

0
4

28

11
1 z

z
y
x

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
+
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
 

])11()54()228[(
11
1][ 222

2
2 zzz

z
y
x

zyx ++−+−=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=ρ  

3
52.10]121)54(5)228(2[

121
22

=→=++−+−−= zzzz
dz

dρ  

⎥
⎦

⎤
⎢
⎣

⎡
−

=⎥
⎦

⎤
⎢
⎣

⎡
−

=⎥
⎦

⎤
⎢
⎣

⎡−
+⎥

⎦

⎤
⎢
⎣

⎡
−

=⎥
⎦

⎤
⎢
⎣

⎡
40.0
36.7

3
1

110
2024

825
1

3
52.1

5
2

11
1

4
28

11
1

y
x

 

Finally 
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⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=−=

506667.0
133333.0
453333.2

}52.1,40.0,36.7{
3
1}{ zyx  
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